The bundle map π h : Γ((A tJ ) t∈[0,1] ) −→ A hJ , for every h ∈ [0, 1], of the continuous field (A tJ ) t∈[0,1] associated to the Rieffel deformation A J of a C*-algebra A is shown to be a KKequivalence by using a 2-cocycle twisting approach and RKK-fibrations.
Introduction
In [15] M. A. Rieffel introduced a C*-algebraic framework for deformation quantization whereby a C*-algebra A equipped with an action of R n by automorphisms and further supplied with a skew-symmetric J ∈ M n (R), produces a C*-algebra A J with multiplication × J , often referred to as the Rieffel deformation of the original algebra. Several other well-known examples of C*-algebras can be shown to arise in this way. The K-theory of the deformed algebra was studied in [16] , revealing that the deformed algebra A J and the original algebra A have the same K-groups. There, the key technique was to show that A J was strongly Morita equivalent to a certain crossed product of (a stabilization and suspension of) A by R n , followed by an application of the Connes-Thom result in K-theory, stability and Morita invariance of the K-functor.
Some operator algebraic approaches to deformation quantization use various notions of "twists", utilizing an action (e.g. of a group) combined with a distinguished element satisfying some cocyclicity-condition (e.g. a group 2-cocycle) as ingredients towards deforming a given algebra equipped with said action. One such procedure is explored by Kasprzak in [7] where a locally compact abelian group G acts on a C*-algebra A. Given a 2-cocycle ψ on the dual group G, there is a method for obtaining a deformed algebra A ψ . This procedure encompasses in particular Rieffel deformation as the case G = R n with a certain choice of 2-cocycle on R n . Concerning K-theory, there is an isomorphism A ψ ⋊ G ∼ = A ⋊ G of crossed products which, for the case G = R n , when combined with the Connes-Thom result yields an identification of the K-groups of the deformed and undeformed algebras respectively.
The present paper discusses the continuous field over [0, 1] of the Rieffel deformation and shows that the evaluation map is a KK-equivalence. Namely, for a C*-algebra A with an action of R n and given a skew-symmetric matrix J, taking t ∈ [0, 1] and using tJ as the skew-symmetric matrix gives the Rieffel deformation A tJ . This will constitute a continuous field (A tJ ) t∈ [0, 1] as was already explored in the original monograph [15] . We show that the evaluation map of the bundle algebra π h : Γ((A tJ ) t∈[0,1] ) −→ A hJ , for each h ∈ [0, 1], is a KK-equivalence. To accomplish this we shall employ the deformation approach of Kasprzak and consider a deformed bundle algebra B ψ which will be a C([0, 1])-algebra equipped with a fibrewise action. As such, RKK-theory naturally enters and we show that B ψ is an RKK-fibration in the sense of [4] by appealing to the fibrewise action and the Connes-Thom result in RKK-theory. The important consequence of being an RKK-fibration here, is that the evaluation map of the C([0, 1])-algebra becomes a KK-equivalence. Finally, the deformed bundle algebra B ψ will be shown to be C([0, 1])-linearly *-isomorphic to the bundle algebra Γ((A tJ ) t∈ [0, 1] ) of the continuous field of the Rieffel deformation, thus yielding the promised result.
We now give a more specific outline of the paper. Section 2 explains the approach to deformation taken in [7] , where one starts with the action of a locally compact abelian group G with a 2-cocycle ψ on the Pontryagin dual G. A certain subalgebra A ψ ⊆ M (A ⋊ G) is obtained as the Landstad algebra of the G-product (A ⋊ G, λ, α). After presenting the basic preliminaries and some of the needed results, we specialize to G = R n with our specific 2-cocycle ψ J . Section 3 discusses the relevant bundle and collects a few needed ingredients from [4] on RKK-fibrations and their relation to KK-equivalences, and then proceeds to establish that the aforementioned bundle is an RKK-fibration. Section 4 recalls the main notions of Rieffel deformation, the associated continuous field and the relation to the 2-cocycle deformation. The main result regarding the evaluation map of the bundle algebra of the continuous field is then achieved as a consequence of the RKK-fibration laid forth in the preceding section. In section 5 we comment on the special case called theta deformation, in which the action is not by R n but T n . There, a different bundle algebra is plausible. Namely, taking a fix-point algebra description of the deformed algebra, we use a strong Morita equivalence to a certain crossed product algebra by the integers and work with an integer crossed product bundle algebra. One is able to show that the related bundle evaluation map has a KK-contractible kernel by applying the Pimsner-Voiculescu six-term exact sequence, so the KK-equivalence follows. Finally we describe the invariance of the index pairing which we understand as a KK-product between elements of the K-group with (in particular) the Fredholm module coming from a spectral triple.
Given a G-product (B, λ, ρ), one may extend the given unitary representation λ to the *-homomorphism λ :
. This map is injective and we often omit λ from the notation. Definition 2.2. Let (B, λ, ρ) be a G-product and let x ∈ M (B). The element x satisfies the Landstad conditions if:
The set of elements satisfying the Landstad conditions turns out to be a subalgebra in M (B). We shall refer to this subalgebra as the Landstad algebra of the G-product.
The foremost example of a G-product is produced by the crossed product construction. Indeed, given an abelian C*-dynamical system (B, G, α), the triple (B ⋊ α G, λ, α) is a G-product whose Landstad algebra is precisely B. The following result states that any G-product arises in this way.
Theorem 2.3. [13, Theorem 7.8.8] A C*-algebra B is a G-product (B, λ, ρ) if and only if there exists a C*-dynamical system (C, G, β) for which B ∼ = C ⋊ β G. The C*-dynamical system is unique up to covariant isomorphism, the C*-algebra C is just the associated Landstad algebra and β = Ad λ.
Recall that a 2-cocycle ψ on the abelian group G is a continuous function
The 2-cocycle condition for ψ implies the following commutation rule for these unitaries
Lemma 2.4. [7, Theorem 3.1] Let (B, λ, ρ) be a G-product and ψ a 2-cocycle on G. Use the unitaries of (2.1) to define the strongly continuous action ρ
Definition 2.5 (Kasprzak deformation). Let A be a separable C*-algebra with strongly continuous action α : G −→ Aut(A) of the locally compact abelian group G, and ψ a 2-cocycle on G.
An interesting result is obtained by considering the original action on the deformed algebra. Denote by α
. If we consider the crossed product of the C*-dynamical system (A ψ , G, α ψ ) we get
Proof. The proof is a literal application of Theorem 2.3. Indeed, let B = A⋊ α G and consider the G-product (B, λ, α ψ ) = (A⋊ α G, λ, α ψ ). The Landstad algebra of this G-product is what we have called A ψ by definition, which is the algebra C = A ψ referred to in Theorem 2.3. Furthermore α ψ = Ad λ, which is the action β in that theorem. In other words the C*-dynamical system is (C, G, β) = (A ψ , G, α ψ ) and the theorem yields the isomorphism
Following [13] and [10] , we may further describe the *-isomorphism
Let our separable C*-algebra A be equipped with a strongly continuous action σ : R n −→ Aut(A), and let J ∈ M n (R) be a skew-symmetric matrix. On R n we consider the symmetric bicharacter e :
which gives the group isomorphism R n ∼ = R n by u → e 1 u where e 1 u (v) = e(u, v). We use the 2-cocycle ψ J : R n × R n −→ T,
By Lemma 2.4 the R n -product (A ⋊ σ R n , λ, σ) combined with the 2-cocycle ψ J gives the R nproduct (A⋊ σ R n , λ, σ ψJ ), and the deformed algebra A ψJ is the corresponding Landstad algebra.
3 Bundle structure and RKK-fibration Let X be a locally compact Hausdorff space. A C*-algebra B is called a C 0 (X)-algebra (cf. [6,
For each x ∈ X, letting I x = {f ∈ C 0 (X) : f (x) = 0} be the ideal of functions vanishing at x, then I x B ⊆ B is an ideal and the quotient B x = B/(I x B) is called the fiber over x. The quotient map q x : B −→ B x is also referred to as evaluation at x. Recall that we are considering a strongly continuous action σ : R n −→ Aut(A) on a separable C*-algebra A, and a real skew-symmetric matrix J.
2). Then the 2-cocycle deformation B
ψ is by definition the Landstad algebra of the R n -product (B ⋊ β R n , λ, β ψ ). Recall the action β ψ : R n −→ Aut(B ψ ) from the remark preceding Lemma 2.6.
Concerning the dual action β :
, this entails that we may define
x , for y ∈ B ψ , and so
i.e. the action β ψ is fiberwise and hence naturally makes the crossed product
and we claim this *-isomorphism to be
which by Lemma 2.6 can be described as S(y ⊗ g) = yλ g for y ∈ B ψ and g ∈ C c (R n ), and it follows that
Let f : Y −→ X be a continuous map between locally compact spaces. The pullback construction gives a C 0 (X)-algebra structure on C 0 (Y ), since f * :
be the pointwise multiplication operator by the pullback
Given a C 0 (X)-algebra B, a locally compact space Y and f : Y −→ X a continuous map, the pullback f
3)
The balanced tensor product in (3.3) is by definition the quotient of C 0 (Y ) ⊗ B by the ideal generated by
Note that the fiber f * (B) y over y ∈ Y is B f (y) . Indeed, as in the balanced tensor product one has
Recall that given two graded, separable C*-algebras A and B, the group KK(A, B) is the set of Kasparov A-B-modules (also called Kasparov cycles) modulo an appropriate equivalence relation (e.g. homotopy equivalence). Briefly, a Kasparov A-B-module is a triple (E, φ, F ) where E is a countably generated right Hilbert B-module, φ :
The KK-product is a bilinear map An element x ∈ KK(A, B) is called a KK-equivalence if it is invertible with respect to the KK-product, i.e. if there exists an element y ∈ KK(B, A) such that xy = 1 A ∈ KK(A, A) and yx = 1 B ∈ KK(B, B).
Given a graded *-homomorphism φ : A −→ B, then (B, φ, 0) is the naturally associated Kasparov A-B-module. We say φ is a KK-equivalence if the corresponding element [(B, φ, 0)] ∈ KK(A, B) is a KK-equivalence.
Regarding C 0 (X)-algebras there is a further refinement of the KK-groups called RKK-groups ( [6] ). Namely, for two C 0 (X)-algebras A and B, the group RKK(X; A, B) consists of Kasparov A-B-modules (E, φ, F ) as before, only with the additional requirement
for any f ∈ C 0 (X), a ∈ A, b ∈ B and e ∈ E. The notions RKK(X; ·, ·)-product and RKK(X; ·, ·)-equivalence are similar to those of the KK-counterpart.
We let ∆ p ⊆ R p+1 denote the standard p-simplex. 
Remark 3.4. Given a C*-algebra A, the canonical C 0 (X)-algebra B = C 0 (X) ⊗ A is an RKKfibration. Indeed, given f : ∆ p −→ X and v ∈ ∆ p , the pullback
where h ∈ C(∆ p ), g ∈ C 0 (X) and a ∈ A. This implies the required RKK(∆ p ; ·, ·)-equivalence.
Note also that the property of being an RKK-fibration is preserved under RKK-equivalence.
The following observation ([4, Remark 1.4]) will be useful.
Lemma 3.5. An RKK-fibration is a KK-fibration.
Proof. Suppose B is an RKK-fibration, let f : ∆ p −→ X and v ∈ ∆ p . Concisely put, we get the following comutative diagram in the KK category in which all arrows but the right vertical arrow are already known to be isomorphisms
so it follows that the right vertical arrow q v must be an isomorphism as well. In details, by assumption there exists an invertible element
is the canonical C(∆ p )-algebra with constant fiber B f (v) over each point of ∆ p , its bundle projection map being just the evaluation ev w :
p , and it gives in particular the KK-equivalence
) which implements the KK-equivalence between the fibers. It follows from
Recall the Connes-Thom isomorphism in K-theory K i (A ⋊ α R) ∼ = K i−1 (A), i = 0, 1, where α ∈ Aut(A) is a continuous action. The analogous result in KK-theory establishes the existence of an invertible element t α ∈ KK 1 (A, A ⋊ α R) = KK(SA, A ⋊ α R), the Thom element. In other words, A and A ⋊ α R are KK-equivalent with dimension shift 1. The case of an R n -action is handled by repeated application of the above, yielding a KK-equivalence with total dimension shift n (mod 2). In dealing with C 0 (X)-algebras we shall make use of the following RKK-version of the Connes-Thom isomorphism (see [6, §4] ) Theorem 3.6. [3, Theorem 3.5] Let A be a C 0 (X)-algebra and α : R n −→ Aut(A) a fibrewise action. There exists an invertible element
Hence A and A ⋊ α R n are RKK-equivalent with dimension shift n (mod 2). 
The continuous field of the Rieffel deformation
We briefly recall some of the basic facts from [15] concerning Rieffel deformation. Let σ : R n −→ Aut(A) be a strongly continuous action on a separable C*-algebra A, and J ∈ M n (R) a skew-symmetric matrix. Let τ be the translation action on the Frechet space C b (R n , A) and let C u (R n , A) be the largest subspace on which τ is strongly continuous. Denote by B A = B A (R n ) ⊆ C u (R n , A) the subalgebra of smooth elements for the action τ . For any F ∈ B A (R n × R n ) the integral
exists, as shown in [15, Chapter 1] by considerations of oscillatory integrals. For f, g ∈ B
and it turns out × J defines an associative product on B A (R n ), and we denote by B A J = (B A (R n ), × J ) this algebra structure. Let S A ⊆ B A be the subspace of A-valued Schwartz functions. This is naturally a right Hilbert A-module for the A-valued inner product f, g A = f (x) * g(x). Considering the product × J , it turns out S A J is an ideal in B
A
Let A ∞ ⊆ A denote the dense *-subalgebra of smooth elements for the action σ. For a, b ∈ A ∞ , the function (u, v) → σ Ju σ v (b) is an element of B A (R n × R n ) and we may define
The homomorphism A −→ C u (R n , A), a → a, a(x) = σ x (a), is equivariant for the respective actions σ and τ , thus maps A ∞ −→ B A . Moreover, a × J b = a × J b, i.e. this is a homomorphism for the products × J . Thus A ∞ is represented on S A J , and we define a new norm || · || J on A ∞ , ||a|| J = ||L a ||.
Definition 4.1 (Rieffel deformation). Equip A
∞ with the product × J and the norm || · || J . This completion is denoted A J and is called the deformation of A along σ by J, or in short the Rieffel deformation of A.
Below we list some of the properties of the Rieffel deformation.
Lemma 4.2 (Properties of the Rieffel deformation)
. Let A be a separable C*-algebra, σ : R n −→ Aut(A) a strongly continuous action and J ∈ M n (R) such that J t = −J.
(i) × J is associative and the involution * for A is also an involution for A J , which thus becomes a C*-algebra 
, for x ∈ R n , a ∈ A. Performing the deformation procedure for the action σ T and skew-symmetric matrix J, denote by × T J the deformed product so obtained. Then
The equivalence between the Rieffel deformation A J and the 2-cocycle deformation A ψJ is given by the *-isomorphism of the following lemma. Recall that one considers the R n -product (A ⋊ σ R n , λ, σ ψJ ), the 2-cocycle ψ J in (2.2) and A ψJ ⊆ M (A ⋊ σ R n ) is the subalgebra satisfying the Landstad conditions. Lemma 4.3. There is a *-isomorphism
Proof. We refer the reader to [5] for details, and give only the form of the *-isomorphism here.
, and suppose y ∈ A ψJ , which means that σ ψJ x (y) = y for all x ∈ R n . The isomorphism T is described on such elements by
We consider B = C([0, 1]) ⊗ A with the action β as in (3.1). Note that β x (y)(s) = σ √ sI x (y(s)) (see Lemma 4.2(ix)). For every x ∈ R n , let β x ∈ Aut(M (B)) denote the canonical extension of β x to the multiplier algebra, namely for
∞ . From the inclusion B ⊆ M (B) as a β-invariant ideal we get B J ⊆ M (B) J by Lemma 4.2 (vii), and working inside M (B) J get from Lemma 4.2 (iii) Considering the *-isomorphism of Lemma 4.3 at the level of bundles, we get Lemma 4.5. The *-isomorphism
b is an element of B ψ . The *-isomorphism is described on such elements by
and since Φ BJ = Φ B as in (4.2), the claim follows. 
We take the identity function of the 1-simplex, namely f :
is a KK-equivalence, for every h ∈ [0, 1].
Comments

Theta deformation
Here we discuss a special case of Rieffel deformation, namely theta deformation and one possible variation to the above approach to KK-equivalence by bundle methods. Theta deformation concerns a separable C*-algebra A on which there is a strongly continuous action of the n-torus, σ : T n −→ Aut(A), with a given skew-symmetric matrix θ ∈ M n (R). This is just a special case of Rieffel deformation in which the n-torus is regarded as the quotient T n = R n /2πZ n , and one obtains the deformed algebra A θ . An alternative and perhaps more direct picture can be given by following [1] . First define C(T n θ ) to be the unital C*-algebra generated by unitaries u 1 , . . . , u n with relations u j u k = e 2πiθ j,k u k u j , for j, k = 1, . . . , n.
(Note that this is just the Rieffel deformation C(T n ) θ of the commutative C*-algebra C(T n ) with respect to the translation action of the n-torus; the notation C(T n θ ) is suggestive of the terminology of "noncommutative manifolds" as in [1] ). On C(T n θ ) there is the action τ :
) one defines the theta deformed algebra
as the fixed-point C*-subalgebra for this diagonal action.
We shall define a continuous C*-bundle over [0, 1] whose fiber over t ∈ [0, 1] will not be A tθ per se, but will be strongly Morita equivalent to it. The benefit of this particular bundle will be that the evaluation map will easily be seen to yield a KK-equivalence element, and the remaining KK-equivalence is then given by the strong Morita equivalence. First we record the result we need regarding the strong Morita equivalence.
Proof. By results of [12] we get the strong Morita equivalence
The latter crossed product algebra is *-isomorphic to the crossed product in the statement of the lemma, which we now define. Let γ 1 ∈ Aut(A ⋊ σ T n ) be γ 1 (g)(s) = e 2πis1 g(s) for g ∈ A ⋊ σ T n and let u 1 be the implementing unitary. Proceed inductively to define actions γ 2 , . . . , γ n with implementing unitaries u 2 , . . . , u n such that
We may decompose σ into its coordinate actions σ 1 , . . . , σ n where σ j (z) = σ (1,...,z,...,1) for z ∈ T. For j, k = 1, . . . , n let h j,k ∈ C([0, 1]) be the function h j,k (t) = e 2πitθ j,k .
Define α 1 ∈ Aut(B) by
Proceeding inductively we thus obtain actions α 1 , . . . , α n with respective implementing unitaries .2) with respective unitaries u 1 , . . . , u n such that
Note that the actions γ j of (5.2) are just
e. π t is a Z-equivariant *-homomorphism between the C*-dynamical systems and so passes to a *-homomorphism between the crossed products
which is a continuous C*-bundle. Iterating this, one has π t • α j = γ t j • π t for each j = 1, . . . , n, where π t is understood on the appropriate crossed product. Thus we get a continuous C*-bundle
be the ideal of functions vanishing at the point t. The ideal
By iteration, it follows that the kernel of the *-homomorphism π t in (5.4) is
Using a homeomorphism of [0, 1] to itself, mapping t to 1, there is a *-isomorphism
We recall a few general facts which we will appeal to shortly, in particular contractibility of cones and the Pimsner-Voiculescu six-term exact sequence. First, a C*-algebra B is called KK-contractible if KK(B, B) = 0. This also implies KK(B, D) = 0 = KK(D, B) for any other C*-algebra D.
Suppose there is an action β ∈ Aut(B). The Pimsner-Voiculescu six-term exact sequence in KK-theory is
Observe that if B is KK-contractible, then the six-term exact sequence reads 
Then the KK-contractibility of Cone(A ⋊ σ T n ) combined with a repeated Pimsner-Voiculescu six-term sequence argument as above establishes that ker π t is KK-contractible. This implies that π t gives a KK-equivalence element.
Invariance of the index
The index pairing is the pairing between K-theory and K-homology
for a projection e ∈ M k (A) and Fredholm module (H, F ) for A. This pairing is nothing but the KK-product
after the identifications K 0 (A) = KK(C, A), K 0 (A) = KK(A, C) and KK(C, C) = Z. See also [17] for a discussion of theta deformation and the invariance of the index, and moreover a calculation of the Chern character map for the deformation.
Given an even spectral triple (A, H, D) there is the associated Fredholm module (H, F ) with F = D|D| −1 . Our separable C*-algebra A is assumed equipped with an action σ : T n −→ Aut(A), and let A ⊆ A be the dense *-subalgebra of smooth elements for the action. Suppose (A, H, D) is a spectral triple, with a *-representation ϕ : A −→ B(H). Assume the action to be unitarily implemented by U :
s , and that U s D = DU s for each s ∈ T n . Theta deformation is an isospectral deformation, meaning that the same data (H, D) which describes a noncommutative geometry for A, is also taken to serve a noncommutative geometry for A θ . In order to study these aspects, it is useful to work with the following picture of the deformation. Any element a ∈ A decomposes into a norm convergent series a = r∈Z n a r where each a r ∈ A satisfies σ s (a r ) = e −2πir·s a r , for s ∈ T n . Given two elements a, b ∈ A with decompositions a = r a r and b = p b p , the product × θ takes the form
between two component elements a r and b p . The product a × θ b is then the linear extension of the componentwise product (5.8). The *-algebra A θ is just A equipped with this product. The correspondence with the definition in (5.1) is just
We have a representation ϕ θ of A θ on the same Hilbert space, ϕ θ : is the bottom index pairing after having followed the isomorphisms induced by the KK-equivalences.
